We establish some coupled fixed point theorems for symmetric ( , )-weakly contractive mappings in ordered partial metric spaces. Some recent results of Berinde (Nonlinear Anal. 74 (2011), 7347-7355; Nonlinear Anal. 75 (2012), 3218-3228) and many others are extended and generalized to the class of ordered partial metric spaces.
Introduction and preliminaries
Fixed point theory is an important and powerful tool to study the phenomenon of nonlinear analysis and is considered to be a bridge bond between pure and applied mathematics. This theory has its wide applications in economics, physical and life sciences. Problems in engineering where adaptive systems encounter with the concepts of convergence, optimal performance, and stability can be solved using fixed point theory. In 1994, Matthews [3] introduced the concept of partial metric space, that is a generalization of metric space in which each object does not necessarily have a zero distance from itself [3] . The motivation behind this concept was to obtain a modified version of Banach contraction principle, more generally to solve certain problems arising in computer science and in the theory of computation [3] . Works of Valero [4] , Oltra and Valero [4] and Altun et. al. [5] provide some generalizations of the results in [3] .
Presently, fixed point theory has been receiving much attention in partially ordered metric spaces; that is, metric spaces endowed with a partial ordering. Ran and Reurings [6] were the first to establish the results in this direction. These results were then extended by Nieto and Rodríguez-López [7] for nondecreasing mappings. Works noted in [8] [9] [10] [11] [12] [13] [14] are some examples in this direction. Bhaskar and Lakshmikantham [15] introduced the notion of coupled fixed points and proved some coupled fixed point theorems for a mapping satisfying mixed monotone property in partially ordered metric spaces. Berinde [1] presented true generalizations of the results of Bhaskar and Lakshmikantham [15] . Berinde [2] , further presented a nice extension of his own work [1] and generalized the results noted in [15] , and [16] . Presented work extend Berinde [1, 2] results to ordered partial metric spaces.
Let us recall the following definitions of mixed monotone mappings and coupled fixed point of a mapping.
Definition 1.1 ([15]
). Let ( , ≤) be a partially ordered set and : × → . The mapping is said to have the mixed monotone property if ( , ) is monotone non-decreasing in and monotone nonincreasing in y; that is, for any , ∈ ,
Definition 1.2 ([15]
). An element ( , ) ∈ × , is called a coupled fixed point of the mapping : × → if ( , ) = and ( , ) = .
Matthews [3] , introduced the definition of a partial metric space as follows.
Definition 1.3 ([3]).
A partial metric on a nonempty set is a function : × → ℝ + such that for all
A partial metric space is a pair ( , ) such that is a nonempty set and is a partial metric on .
Note that, if ( , ) = 0, then = . But the self distance of any point need not be zero; hence the idea of generalizing metrics so that a metric on a nonempty set is precisely a partial metric on such that ( , ) = 0. An important example of a partial metric space is the pair (ℝ + , ), where :
For more examples and some results on partial metric spaces, the reader is suggested to refer [6, 17-24, 5, 25-30, 4, 31] .
It is worth mentioning that each partial metric on generates a 0 topology on which has as a base
the family of open -balls � ( , ) ∶ ∈ , > 0�, where ( , ) = { ∈ ∶ ( , ) < ( , ) + } for all ∈ and > 0. A sequence { } in ( , ) converges to a point x ∈ X, with respect to , if lim →∞ ( , ) = ( , ). This will be denoted as
If is a partial metric on , then the function : × → ℝ + given by
is a metric on X. Furthermore, lim →∞ ( , ) = 0 if and only if
It is clear that if the pair (ℝ + , ) is a partial metric space, where :
Interestingly, a limit of a sequence in a partial metric space need not be unique. Also, the function (•,•) need not be continuous in the sense that → and → implies ( , ) → ( , ).
Defintion 1.4 ([3]
). Let ( , ) be a partial metric space. Then,
is called a Cauchy sequence if lim , →∞ ( , ) exists (and is finite); (2) the space ( , ) is said to be complete if every Cauchy sequence { } in converges, with respect to , to a point ∈ such that ( , ) = lim , →∞ ( , ). ( , ≤) is a partially ordered set, and (ii) ( , ) is a partial metric space.
Let ( , ) be a partial metric. We endow the product space × with the partial metric defined as follows:
A mapping : × → is said to be continuous at ( , ) ∈ × if for each > 0, there exists > 0 such that � �( , ), �� ⊆ ( ( , ), ). 
Main Results
Let Φ denote the class of functions : [0, ∞) → [0, ∞) which satisfy ( 1) is continuous and (strictly) increasing;
( 2) ( ) < for all > 0;
Note that ( ) = 0 iff = 0.
Let Ψ denote the class of functions
Some examples of ( ) are kt (where > 0),
and examples of ( ) are (where > 0),
Theorem 2.1. Let ( , ≤) be a partially ordered set and suppose there is a partial metric on such that ( , ) is a complete partial metric space. Let : × → be a mapping having the mixed monotone property on . Assume that there exist ∈ Φ and ∈ Ψ such that
for all , , , ∈ with ≥ and ≤ (or ≤ and ≥ ).
Suppose either (a) is continuous, or (b) has the following property:
If there exist two elements 0 , 0 ∈ X with
then there exist , ∈ such that = ( , ) and = ( , ).
Proof. Without loss of generality, assume that there exist two elements
Since has the mixed monotone property, then we have 1 ≤ 2 and 1 ≥ 2 . Continuing in the same way, we can easily construct two sequences { } and { } in such that +1 = ( , ), +1 = ( , ) and
Now, we can apply inequality (2.1) with ( , ) = ( , ) and ( , ) = ( +1 , +1 ), for all ∈ ℕ ∪ {0}. We get
which, in turn, by condition ( 1) implies
showing that the sequence { } is non-increasing, where = ( +1 , +2 )+ ( +1 , +2 )
2
. Therefore there exists some ≥ 0 such that
We shall show that = 0. Assume to the contrary, that is > 0. Then by letting → ∞ in (2.5) we have
a contradiction. Thus = 0 and hence
We now show that { } and { } are Cauchy sequences in the partial metric space ( , ). For, we prove that
Suppose the contrary. Then there exists > 0 for which we can find the subsequences
This means that
By p4 and (2.10), we have
Letting → ∞ in (2.11), using (2.7) and (2.9), we obtain
(2.12) Also, we have
Then, we obtain that
Similarly, one can show that
Letting → ∞ in (2.13)-(2.14), and using (2.12), (2.7), we obtain that
(2.15)
Letting → ∞ in the above inequality, using (2.15) and the properties of and , we get On the other hand, we have
Letting → ∞ in the above equation, using (2.19) and (2.16), we get
On the other hand, we have p(x, x) ( , ) ≤ ( , ) for all ∈ ℕ. On letting → ∞, we get
Using (2.20) and (2.21), we get
Similarly, one can show that Now, we show that = ( , ) and = ( , ).
Suppose that the assumption (a) holds.
We follow the following steps.
Step I. We show that � ( , ), ( , )� = 0 and � ( , ), ( , )� = 0.
Since ≤ and ≤ , we have Step II. We show that lim →∞ � +1 , ( , )� = ( ( , ), ( , )) and lim →∞ � +1 , ( , )� = ( ( , ), ( , ))
We have � +1 , ( , )� = �F( , ), ( , )�. Since → and → as → ∞ in ( , ), and is continuous, by Lemma 1.7, we get ( , ) → ( , ) as → ∞ in ( , ); that is,
Similarly, one can see that lim →∞ �F( , ), ( , )� = � ( , ), ( , )� = 0.
Step III. We show that = ( , ) and = ( , ).
We have
Letting → ∞ in the above inequality, using (2.23) and Step II, we can obtain � , ( , )� = 0. Thus, we have = ( , ). Similarly, we can show that = ( , ). 
On letting → ∞ in the above inequality, using (2.23) and the properties of and , we get On the other hand, we have
Letting → ∞ in the above inequality, using (2.23) and (2.25), we have � , ( , )� = 0; that is = ( , ). Similarly, we have ( +1 , ( , ) ).
Letting → ∞ in the above inequality, using (2.23) and (2.25), we have � , ( , )� = 0; that is = ( , ). Hence we proved that ( , ) is a coupled fixed point of the mapping .
Example 2.2. Let = ℝ, endowed with the partial metric given by ( , ) = max { , } with the natural ordering of real numbers and define : × → by
Obviously F has the mixed monotone property. Now, we show that F satisfies condition (2.1). Indeed, we have
Similarly, we have
Then, by summing up the two inequalities, we obtain
and so condition (2.1) holds with ( ) = 2 ⁄ and ( ) = 3 8 ⁄ . All the other hypotheses of Theorem 2.1 are easily satisfied and (0, 0) is a coupled fixed point of F.
Remark 2.3. Theorem 2.1 extends and generalizes Theorem 2 in [2].
Corollary 2.4. Let ( , ≤) be a partially ordered set and p be a partial metric on such that ( , ) is a complete partial metric space. Let : × → be a mixed monotone mapping for which there exists 1 ∈ Ψ such that for all , , , ∈ with ≥ , ≤ (or ≤ , ≥ ),
If there exist two elements 0 , 0 ∈ such that either (2.2) or (2.3) is satisfied, then there exist x, ∈ such that = ( , ) and = ( , ).
Proof. Note that if 1 ∈ Ψ, then for all > 0, 1 ∈ Ψ. Now divide (2.26) by 4 and take ( ) = Corollary 2.5. Let ( , ≤) be a partially ordered set and be a partial metric on such that ( , ) is a complete partial metric space. Let : × → be a mixed monotone mapping and suppose that there exists some ∈ [0,1) such that for all , , , ∈ with ≥ , ≤ (or ≤ , ≥ ),
(2.27) Suppose either (a) is continuous, or (b) has the following property:
If there exist two elements 0 , 0 ∈ such that either (2.2) or (2.3) is satisfied, then there exist , ∈ such that = ( , ) and = ( , ). 
Uniqueness of Coupled Fixed Point
In this section we establish the uniqueness of coupled fixed point for our main result proved in Section 2.
If ( , ≤) is a partially ordered set, then we endow the product × with the following partial order
Then, we say that ( , ) and ( , ) are comparable if ( , ) ≤ ( , ) or ( , ) ≥ ( , ).
Theorem 3.1. In addition to the hypotheses of Theorem 2.1, suppose that for every ( , ), ( * , * ) ∈ × , there exists a ( , ) ∈ × that is comparable to ( , ) and ( * , * ). Then has a unique coupled fixed point.
Proof. From Theorem 2.1, the set of coupled fixed points of is nonempty. Assume that ( , ) and ( * , * ) are two coupled fixed points of F, then we shall show that ( , * ) = 0 and ( , * ) = 0.
By assumption, there exists a ( , ) ∈ × that is comparable to ( , ) and ( * , * ). We define the sequences { } and { } as follows:
Since ( , ) is comparable to ( , ), we may assume ( , ) ≥ ( , ) = ( 0 , 0 ). Following the proof of Theorem 2.1 we obtain inductively
and therefore, by (2.1),
which, by the non-negativity of , implies
Thus, by the monotonicity of , we obtain that the sequence { } defined by
is non-increasing. Hence, there exists ≥ 0 such that lim →∞ = .
We shall show that = 0. Suppose, to the contrary, that > 0. Letting → ∞ in (3.2), we get
a contradiction. Thus = 0; that is,
Similarly, we obtain that
By p4,
on letting → ∞, we obtain ( ,
Similarly, we can obtain ( , * ) = 0. Hence, = * and = * . This completes our proof.
Theorem 3.2.
In addition to the hypotheses of Theorem 2.1, suppose that x 0 , 0 ∈ are comparable. Then has a unique fixed point; that is, there exists ∈ such that ( , ) = .
Proof. We claim that if ( , ) is a coupled fixed point of , then = . Suppose the contrary ≠ . By Theorem 2.1, without loss of generality, we assume that
Since 0 , 0 are comparable, we have 0 ≤ 0 or 0 ≥ 0 . We assume 0 ≥ 0 . Then, by mixed monotone property of , we have
and, hence, by making use of induction, we can get Repeatedly applying p4,
then by monotonicity of and property ( 3), we get
on letting → ∞, using the properties of and , we obtain
We consider the following two cases: Hence, in all the cases we obtain contradiction, so our assumption that ≠ is wrong. Thus, we obtain = .
An Application
As consequences of our Theorem 2.1, we can obtain the following result for mappings with the mixed monotone property satisfying a contraction of integral type. 
Then, we have
Theorem 4.1. Let ( , ≤) be a partially ordered set and suppose there is a partial metric on such that ( , ) is a complete partial metric space. Let : × → be a mapping having the mixed monotone property on . Assume that, for all , , , ∈ with ≥ and ≤ (or ≤ and ≥ ), we have If there exist two elements 0 , 0 ∈ such that either (2.2) or (2.3) is satisfied, then there exist , ∈ such that = ( , ) and = ( , ).
Proof. Clearly, the function ↦ ∫ 0 ( ) (for = 1,2) defined in [0, ∞) is in Φ and in Ψ. Therefore, the assertions follow trivially by Theorem 2.1.
Remark 4.2.
Results analogous to Theorem 4.1 can be obtained using Corollaries 2.4 and 2.5.
